Abstract: We describe the terahertz emission from multiple filaments in air in the presence of an external electric field. A strong enhancement of the radiated terahertz energy is obtained by the combined effect of terahertz field interference and presence of a static electric field.
Introduction
Terahertz (THz) radiation from plasma in air induced by laser pulses was first demonstrated by Hamster and co-workers about 20 years ago [1] . Since then, the THz radiation from a long plasma channel, a filament, generated by an intense femtosecond laser has attracted much attention [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . For a filament formed by a single femtosecond laser pulse, the THz radiation is produced by the longitudinal plasma oscillations in the wake of the moving ionization front. These plasma oscillations are excited by the ponderomotive force of the laser pulse and are damped by electron collisions on a picosecond scale. The radiation is emitted by a dipole like structure moving at the speed of light; it is therefore a Cherenkov-like emission [3] . A laser filament as a THz source has several unique advantages comparing to the traditional techniques for THz generation including photoconductive antenna and optical rectification with electro-optical crystal. Being a femtosecond filament a THz source can be positioned far away from the laser system, thereby avoiding the absorption of the THz field by water vapor during propagation in ambient air. At the same time, high energy laser pulses can be employed for THz generation without damage to the emitter, which is impossible with the traditional techniques. Unfortunately, the conversion efficiency of this method is very low. It has been measured to be on the order of 10 -9 [4] . However, several methods have been demonstrated to enhance the THz field. An enhancement of a three orders of magnitude has been reported with application of a static or optical electric field [4] [5] [6] [7] [8] [9] [10] [11] .
In our previous letter [12] , we have shown that it is possible to add coherently the THz emission from multiple filaments, leading to an increase of the radiated THz energy scaling like N², where N is the number of filaments. In this letter, we consider experimentally and theoretically the effect of a static electric field on the THz emission from multiple filaments.
Theoretical model and calculations
We first consider the effect theoretically. Because the longitudinal electric field merely increases the THz intensity without changing the radiation pattern [8] it is not necessary to consider it. We therefore focus our attention on the case of transverse electric field, where the action of the applied field leads to new emission patterns from filaments.
Our calculations are based on the Cherenkov model presented in [7] . The filament propagates along the z axis (see Fig. 1(a) and Fig. 2 ). The THz field distribution in the far field from a single filament in the presence of a transverse electric field in the x direction is described by: here  L, k represent the frequency of the considered THz component, the length of the filament, and the THz wave number, respectively. R is the distance from the filament to the detector, θ is the polar angle and φ is the azimuthal angle (spherical coordinates) (Fig. 2 ). The spectral current amplitude at frequency  is given by In the presence of an applied transverse field, the THz radiation pattern gradually evolves from a conical pattern to a single lobe forward oriented emission for E > 3 kV/cm [7] . In what follows, we always consider applied fields with E > 3 kV/cm. The 3 dimension (3D) emission diagram for the single filament is presented in Fig. 1 
(a).
The Poynting vector of the THz emission scales like 
therefore the intensity of THz emission depends on external electric field like 2 S E . In [7] the quadratic dependence of the energy of the THz radiation on external electric field has been verified experimentally.
One can extend the model to the case of N identical filaments. The interference of the THz fields will give:
is the accumulated phase difference of the THz fields due to the temporal delay  i between the laser pulses and R i is the distance from the i th filament emitter to the detector.
The normalized calculated 3D distribution of the THz field from two parallel filaments is presented in Fig. 1(b ). An enhancement of the THz intensity by a factor 4 is achieved comparing with the case of the single filament in the presence of the same applied field.
Experimental results
We now compare our calculations with experimental measurements. We study experimentally how the THz emission depends on the variations of temporal delay  p and spatial separation d between two parallel filaments in the presence of a transverse field. In our experiments, a femtosecond laser system delivering 40 fs pulses with energy up to 15 mJ at 800 nm was employed. The experimental set-up is presented schematically in Fig. 2 . We used a MachZehnder interferometry scheme to obtain two parallel propagating pulses. The spatial separation and temporal delay of the two pulses could be controlled by a steering mirror of the interferometer and an integrated mechanic delay line. The two pulses with equal energy of 1.1 mJ were focused with two convex focusing lenses of f = 100 cm to form two 10 mm long parallel, laterally separated filaments in ambient air. The forward THz radiation was detected by a heterodyne detector working at 0.1 THz [13] . The distance between the filaments and the detector was around 30 cm. In our experiment the detector measures only the component in the plane of the two filaments (XOZ plane). The static electric field was applied to the ionized region transversally by placing two electrodes around the filaments. The electrodes were square copper plates with dimensions of 5 cm × 5 cm. We have studied two cases: when the direction of the electric field is parallel (configuration A) or perpendicular (configuration B) to the plane defined by the filaments. The applied field was 4 kV/cm.
We first studied the interference of two synthesized ( p = 0) THz fields for different spatial separations in configuration A. The results are presented in Fig. 3 . Upon increase of the spatial separation d, the THz radiation pattern becomes narrower, but remains symmetric about the propagation direction of the laser pulses. Note that there is no decrease of the THz intensity within the range studied here. This differs from the results obtained in the absence of an electric field [12] , where the THz intensity starts to decrease with the increase of the spatial separation between filaments. We attribute it to the different size of the intersection areas of two THz radiation patterns from each individual filament with and without external electric field. Without external electric field the THz emission from a filament has a narrow conical distribution, thus the overlap of the THz radiation patterns from two filaments is a sensitive function of separation between them. With the transverse electric field, the broader forward lobe allows larger filament separations while interference of the THz emissions is still present.
Next we studied the interference of two synthesized THz fields for different temporal delays with a fixed spatial separation d = 2 mm between two filaments, always in configuration A.
The results are presented in Fig. 4 . Upon increase of the delay  p , the total radiation pattern becomes asymmetric, alternatively directed to either side of the filament propagation direction. The change in direction reflects the partial destructive interference between the THz fields due to the phase shift induced by the delay. At the same time, the total THz radiation decreases. Finally ( p = 5.5 ps), the total THz radiation pattern comes to near complete cancelation of the THz field, keeping only two small lobes in the non-intersection area.
Eventually, for  p = 11 ps, the THz radiation recovers the value without time delay. Note that the strongest enhancement of THz radiation is always achieved with no temporal delay. By changing the temporal delay one can redirect the THz radiation along another direction that is not collinear with the laser beams. However, in most cases, the peak intensity decreases.
We have also studied the case of configuration B, when the direction of the transverse external electric field is perpendicular to the plane of filaments and found results similar to the ones presented in Fig. 3 and Fig. 4 .
The comparison between the experiments and calculations is excellent, as can be seen in Fig.  3 . We have considered theoretically the THz emission at a frequency of 0.1 THz, because it corresponds to the spectral component measured by our detector. However the THz emission from filaments peaks at higher frequencies. In Fig. 5 we show the temporal waveform of a THz pulse and the corresponding spectrum obtained from a 5 mm long filament in air in the presence of an external field of 8 kV/cm. The THz waveform was obtained by the standard time domain THz spectroscopy system based on a 1 mm thick ZnTe crystal [14] . The THz power spectrum reaches a maximum at 0.5 THz. It is therefore instructive to calculate the emission pattern at other frequencies. In Fig. 6(b) the result for 0.5 THz is presented for two parallel filaments separated by 500 µm. Such spatial separation was chosen to keep the ratio d/λ on the same order as for 0.1 THz (d is the spatial separation between filaments, λ is the wavelength of the THz emission). This parameter is important for the constructive interference because the THz radiation pattern becomes narrower with higher THz frequency and thus the intersection area of two THz emission from two filaments decreasing if the separation between the filaments is fixed. For  p = 0 ps, the peak THz intensity is 4 times larger than for the single filament with the same external field (see Fig. 6(a) ) showing again complete constructive interference when there is no time delay between the laser pulses. The behavior with time delay between the laser pulses is similar to the case presented in the Fig. 4 .
It is periodic, but the period is different. The period corresponds to 1/ d , where  d is the considered THz frequency.
Extrapolation to the case of N filaments
We have calculated the THz radiation distribution further for N = 4, 8, 9, 12 and 16 parallel filaments organized in a square grid in the presence of an external transverse electric field. THz emissions from individual filaments interfere constructively with each other if there is no time delay between the filamentary pulses. The strong enhancement of THz emission from an array of parallel laser filaments in the presence of a transverse static electric field is achieved for all THz frequencies at the same time because the condition of zero time delay needed for the constructive interference applies to every frequency. The total THz energy is channeled toward the direction of the laser. The corresponding THz peak intensity scales like N 2 , as shown in Fig. 7 . The 3D distribution of the THz radiation for 16 parallel filaments is presented in Fig. 6(d) as an example. Its peak intensity is found to be ~ 250 times larger than that of a single filament in the presence of the same external field and more than 10 5 higher than that of a single filament without electric field. In principle, with a larger number of filaments, the THz peak intensity may be increased further.
Note that varying of the temporal delay  p leads to significant changes in the radiation diagram. For the example given in Fig. 6(c) for two parallel filaments with temporal delay  p = 1 ps the direction of the radiation at 0.5 THz is completely different from that of the laser beams, forming two lobes on the two sides from the filament direction.
Conclusion
In summary, we have discussed the THz emission from femtosecond laser filaments in air under the combination of two effects: the application of static electric field and the organization of filaments into an array. An enhancement of THz radiation is found, scaling like E² in the presence of a static transverse electric field and scaling like N 2 in the presence of N laser filaments organized in an array. With no temporal delay between the laser pulses forming the filament array, the enhancement is the same at every THz frequency, leading to strong enhancement of a broadband THz radiation in the forward direction. There is also a possibility to direct the THz emission along preferential directions by playing with the time delay between the laser pulses. Dependence of peak THz intensity on the number of filaments N, normalized to the THz intensity of a single filament subject to the same electric field E s > 3 kV/cm. Red squarestheoretical upper limit (quadratic dependence). Black circles -maximum value obtained in calculations. 
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